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A packing (respectively covering) design of order v, block size k, and index ~ is a collection 
of k-element subsets, called blocks, of a v-set, V, such that every 2-subset of V occurs in at 
most (at least) 3. blocks. The packing (covering) problem is to determine the maximum 
(minimum) number of blocks in a packing (covering) design. Motivated by the recent work of 
Assaf [1] [2], we solve the outstanding packing and covering problems with block size 4. 
Small packing and covering designs 
A packing (respectively covering) design of order v, block size k, and index 3. 
is a collection of k-element subsets, called blocks, of a v-set, V, such that every 
2-subset of V occurs in at most (at least) 3. blocks. 
Let tr(v, k, 3.) denote the minimum number of blocks in a (v, k, 3.) covering 
design, and let o(v, k, 3.) denote the maximum number of blocks in a (v, k, 3.) 
packing design. Schoenheim [8, 9] has shown that 
and 
where (x} is the smallest and Ix] is the largest integer satisfying [x]<~x <~ (x}. 
The values of a~(v, 3, 3.) and o(v, 3, 3.) are determined in [4], [9], [5]; tr(v, 4, 1) 
and o(v, 4, 1) are determined in [3], [6], [7]. Recently Assaf [1], [2] has studied 
the numbers a~(v, 4, 3.) and o(v, 4, 3.) and determined them all with the 
exceptions of a~(v, 4, 3)with v = 10, 11, 14, 18, tr(9, 4, 4), a~(ll, 4, 5), 0(9, 4, 
2), 0(9, 4, 5), o(10, 4, 3), o(12, 4, 2), and o(15, 4, 5). Motivated by his results 
we show that a~ = tp and o = ~, in all the above cases, with the sole exception 0(9, 
4, 2) = ~p(9, 4, 2) - 1. The proof that 0(9, 4, 2) 4= ~p(9, 4, 2) involves a detailed 
case analysis, and the proofs that o(12, 4, 2)= ~p(12, 4, 2), and o(15, 4, 
5) = 4(15, 4, 5) are by unusual constructions, the remaining constructions are by 
standard ifference techniques. 
The constructions using difference techniques are given in Table 1 and Table 2. 
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Table 1 
Covering designs 
(v, k, ,~) Point set Group generator Base blocks 
Orbit 
length 
(10, 4, 3) {a, b} U (Z 4 X 7_.2) 
(11,4,3) {a,b}UZ6U 
((=} x z~) 
(14, 4, 3) {a, b} U Z12 
(18, 4, 3) {a, b} U Z12 U 
({~} x z,) 
(9, 4, 4) {a} U (Z 4 x Z_.z) 
(11, 4, 5) {a,b,c}UZ s 
(a)(b)(Oolo203o) 
(01112131) 
(a)(b)(o%ooloo2) 
(012345)  
(ab) 
(01234567891011)  
(a)(b)(ooo%~2~3) 
(01234567891011)  
(a)(0olo203o)(01112131) 
(a)(bc)(O 12345 67) 
{a, b, 0o, 01} 
{a, b, 0o, 20} 
{a, 0 o, 01, 11} 
{b, 0o, 21, 31} 
{01, 11, 21, 31} 
{0o, lo, 01, 21} 
{01, lo, 20, 30} 
{a, b, ~o, o01} 
(a, b, 0, 3} 
{a, ~o, O, 3} 
{b, o%, 2, 5} 
{a, O, 2, 4} 
{b, O, 2, 4} 
(oo , o01, 4, 5} 
{o0o, O, 4, 5} 
{a, b, 0, 6} 
{a, O, 4, 8} 
{a, 0, 1, 5} 
{0, 1, 3, 7} 
{0, 2, 3, 5} 
{a, b, 0, 6} 
{a, ~o, O, 1} 
{b, oo , 6, 7} 
{o0o, °°1, °°2, ~3} x 3 
{00o, 0, 4, 8} x 2 
{o%, 1, 3, 6} x 2 
{0, 1, 3, 7} 
{a, 0 o, 1 o, 20} 
{a, 0 o, 01, 11} 
{a, 0o, 2a, 3a} 
{0o, lo, 0a, 21} x 2 
{00, 20, 01, 11} 
{0a, 11, 21, 31} 
{a, b,c} 
{a,b,O, 1} 
(b, c, O, 4} 
{a, 0, 1, 4} 
{b, O, I, 3} 
{c, O, 1, 3} 
{0, 2, 4, 6} 
{0, 1, 3, 5} 
4 
2 
4 
4 
1 
4 
4 
3 
3 
3 
3 
2 
2 
6 
6 
6 
4 
12 
12 
12 
6 
12 
12 
1 
4 
12 
12 
4 
4 
4 
4 
4 
1 
1 
8 
4 
8 
8 
8 
2 
8 
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Table 2 
Packing designs 
(v, k, ~) Point set Group generator Base blocks 
Orbit 
length 
(9, 4, 2) {a, b, c, d} t_J Zs id 
(9, 4, 5) {a} t.J Z 4 x Z 2 
(10,4,3) {a ,b}UZ a
(a)(0olo2o3o)(0~112~31) 
(ab)(O 1 2 3 4 5 6 7) 
(a, b, c, d} 1 
{a,b,O, 1} 1 
(c, d, 1, 2} 1 
{a, c, 2, 3} 1 
{b, d, 3, 4} 1 
{a, d, 4, 0} 1 
{c, 0, 1, 3} 1 
{a, 1, 2, 4} 1 
{d, 2, 3, O} 1 
{b, 3, 4, 1} 1 
{a, 0 o, 2 o, 01} 4 
{a, 0 o, 11, 31} 4 
{a, 0 o, 01, 11} 4 
{0o, 11, 21, 31} 4 
{0o, lo, 20, 01} 4 
{0o, lo, 01, 11} 4 
{0o, lo, 2x, 31} 4 
{0o, lo, 20, 30} 1 
(a, 0, 1, 3} 8 
{b, O, 1, 3} 8 
{0, 2, 4, 6} 2 
{0, 1, 4, 5} 4 
In each case the design is constructed by taking the orbits of the base blocks 
under the action of the cyclic group generated by the tabulated permutation of 
the point set. The notation x n following a base block indicates that the entire 
orbit is to be taken n times. 
To show that o(12, 4, 2) = 21 = ~p(12, 4, 2) we begin by labelling the points of 
the projective plane of order 3 such that {13, 1, 2, 3}, {13, 4, 5, 6}, {13, 7, 8, 9}, 
{13, 10, 11, 12}, and {3, 6, 9, 12} are lines. Now take another copy of this plane 
with the following lines: {13, 1, 2, 6}, {13, 4, 5, 9}, {13, 7, 8, 12}, and {13, 10, 
11, 3}. Deleting the above 9 lines and adding the following 4 blocks: {1, 2, 3, 6}, 
{4, 5, 6, 9}, {7, 8, 9, 12}, {10, 11, 12, 3}, gives the required configuration. 
To show that o(15, 4, 5} = 86 = Ip(15, 4, 5) let V = Z15. Consider the set B of 
15 blocks generated from the block {0, 4, 10, 12} by the permutation x ~ x + 1. B 
covers all 2-subsets of V exactly once, with the exception of the pairs {i, i + 1}, 
which are not covered. The uncovered pairs form a cycle of length 15. We will 
take 5 copies of B, such that the 5 uncovered cycles of length 15 are the 
following: 
C1 =(0, 1, 2, 3, 6,5, 4, 7, 13, 11, 14, 10, 9, 8, 12, 0) 
C2 = (0, 2, 14, 4, 1, 11, 3, 7, 5, 8, 10, 6, 12, 9, 13, 0) 
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A0 
C ~  A1 ~B1 
Fig. 1. The graph of edges covered only once. 
{0, 1,2,3}, 
{1, 5, 9, 13}, 
{3, 6, 9, 12}, 
These blocks together 
packing design. 
C3 = (0, 3, 13, 1, 14, 6, 7, 10, 11, 9, 5, 2, 8, 12, 4, 0) 
C4 = (0, 10, 2, 12, 3, 9, 6, 4, 8, 11, 14, 1, 5, 13, 7, 0) 
C5 = (0, 2, 6, 13, 10, 9, 1, 3, 14, 4, 11, 7, 5, 12, 8, 0). 
This can be achieved by relabelling points in B. For example to obtain C1, replace 
4 by 6, 6 by 4, 8 by 13, 9 by 11, 10 by 14, 11 by 10, 12 by 9, 13 by 8, and 14 by 12; 
giving the blocks {0, 6, 14, 9}, {1, 5, 10, 8} , . . .  etc. The multigraph with edge set 
C1 U C2 U • • • U C5 contains 11 blocks of size 4: 
{4,5,6,7}, {8,9,10,11}, {0,4,8,12}, 
{2, 6, 10, 14}, {0, 7, 10, 13}, {1, 4, 11, 14}, 
{2, 5, 8, 12}, {3, 7, 11, 13}. 
with the 75 blocks constructed above is a maximal (15, 4, 5) 
It remains to show that a(9, 4, 2) =~ 11 = ~p(9, 4, 2). If a packing with 11 blocks 
exists then the graph of pairs covered only once must have 6 edges, and each 
vertex must have degree congruent o 1 (mod 3). This uniquely determines the 
graph shown in Fig. 1. Furthermore the point C must occur in precisely 4 blocks 
and, all other points must occur in precisely 5 blocks. We classify the blocks as in 
Table 3. 
Counting pairs we obtain the following equations, where a denotes the number of 
Table 3. Block types 
Class Block type CA CB AA BB AB 
a CAAA 3 0 3 0 0 
b CAAB 2 1 1 0 2 
c CABB 1 2 0 1 2 
d CBBB 0 3 0 3 0 
e AAAA 0 0 6 0 0 
f AAAB 0 0 3 0 3 
g AABB 0 0 1 1 4 
h ABBB 0 0 0 3 3 
i BBBB 0 0 0 6 0 
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J 
blocks of type a, etc. 
3a +2b +c=4,  
b +2c +3d=8,  
3a +b +6e +3f+g= 12, 
c +3d+g +3h +6 i= 10, 
2b + 2c + 3f + 4g + 3h = 32. 
The only solutions to these equations in non-negative integers are given in Table 
4. 
Table 4 
Solution a b c d e f g h i 
(1) 0 1 2 1 0 2 5 0 0 
(2) 0 0 4 0 1 0 6 0 0 
(3) 0 0 4 0 0 3 3 1 0 
In the case of Solution (3), by symmetry, we can take the block of type h to be 
Ai, no, Ba, 82. The only possible configuration of the three blocks of type f is A0, 
A1, A2, no, A1, A2, A3, no, Ao, A2, A3, no. This implies that none of the 
blocks of type g can contain A 2. We know that A 2 occurs precisely once in the 
blocks of type c, and a total of 5 times in the design, hence Ai = A2. We now 
focus on the point B3. There are 5 pairs BaBo to be covered, and precisely 2 of 
them appear in the blocks of type c. Hence all of the blocks of type g contain B3, 
and none of the blocks of type f contain it. Now the pair AEB 3 can  occur at most 
once (in the blocks of type c), and this is a contradiction, since this pair must be 
covered twice. 
We turn now to Solution (1). If the two blocks of type f both omit the point A3, 
then, in order to cover the six pairs A3Ae, the point A 3 must occur in all blocks 
of type g and in the block of type b. This contradicts the fact that A 3 occurs  in 
only 5 blocks. Hence the blocks of type f have the form A0, A,, A2, Bo, A0, 
A,, A3, Bo. There are two pairs AoA o remaining to be covered. If one of these 
occurs in the block of type b, then A0 cannot appear in either of the blocks of 
type c, and hence occurs at most 4 times in the design, a contradiction. A similar 
argument holds for A1, hence the block of type b has the form C, A2, A3, Bo. 
Without loss of generality, the block of type d has the form C, B0, B1, B2. Note 
that the 5 blocks of type g contain the 5 pairs AoA2, AoA3, AIA2, A1A3, A2A3, 
and thus any 3 of these blocks contains either A2 or  A 3 at least twice. There are 
five pairs B3Bo to be covered hence B3 does not appear in the block of type b, 
and thus appears in both blocks of type c, and 3 of the blocks of type g. To avoid 
covering either of the pairs BaAo or B3Ax three times, the block of type g 
containing AEA3 also contains B3. 
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If the fourth point of the block of type b is either Bo or BI, then the pair B2B3 
occurs in one of the blocks of type c, giving rise to an occurrence of either AoB2 
or AIB2. The pairs B2Bo and B2B~ must appear in the blocks of type g giving rise 
to an occurrence of both AoB2 and AIB2. Now B2 appears 5 times in all, so it 
must appear in a block of type f, causing one of the pairs AoB2 or AIB2 to appear 
a third time; a contradiction. Hence the fourth point of the block of type b is BE. 
Again the pairs B2Bo and B2B~ appear in the blocks of type g. Now we get a 
contradiction by observing that A2B2 or A3B2 are forced to appear three times. 
It remains to rule out Solution (2) (c = 4, e = 1, g = 6). The block of type e 
must be AoA1A2A3, so we can number the blocks of type g as g# = AiAjBeBe. 
Up to isomorphism there are three possibilities for the blocks of type c. 
PI = CAoBoB~ CA~B~B2 CA2B2B3 CA3B3B 0 
P2=CAoBoB3 CA~BoB3 CA2BIB2 cm3nln 2 
P3=CAoBoB2 CA1B1B 2 CA2B1B3 CA3BoB3 
In the case of P1, exactly one of the pairs BoB2, BOB2, BoB3 must appear in one of 
the blocks go1, go2, go3, so that the pair AoBo appears twice. Hence two of these 
pairs occur in the blocks g12, g13, g23. However BoA3 occurs already in the blocks 
of type c, and hence we conclude that Bo in in g12. Similarly B1 is in g23. Now, Bo 
is in one of g~3, g23, but the pair BoB~ must not appear again, hence Bo is in g13. 
A similar argument applies to/31, yielding a contradiction. 
The case of P2 is ruled out, by noting that the argument given above forces 
both Bo and B3 to be in g23 and hence the pair BoB3 appears three times. 
Consider now the configuration P3- As in the case P~ we are forced to have Bo 
in g12, B1 in go3, B2 in g23, and B3 in gol. Now Bo must be in precisely one of the 
blocks g13 or g23. If Bo is in g23 this forces Bo in gox, B1 in go2, and thus B1 in g13. 
This in turn forces B2 in g13 and in go2, a contradiction, since the pair B~B2 now 
occurs three times. If Bo is in g~3 this forces Bo in go2. Now BE must be in precisely 
one of g12 or g13. If it is in g~3 then it is forced to be in go2, and the pair BoB2 
occurs three times, so BE is in g12 and hence in go3. Now B3 is forced in go2 and in 
g13, and the pair BoB3 occurs three times; a contradiction. 
Hence 0(9, 4, 2) = 10 = ~p(9, 4, 2) - 1. 
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